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ABSTRACT  

In this study primitive Pythagorean triples have been carefully examined and 

found that all of them satisfy a simple rule related to mean value theorem. It is pointed 

out that integral triples satisfying the equation on Fermat’s Last Theorem should 

satisfy a special rule related to mean value theorem. A conjecture is proposed which 

may  lead to find a simple proof of Fermat’s Last Theorem. 
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INTRODUCTION 

The equation   

                                   ( ) 1,, =+= yxxyz nnn                                                      (A) 

with primes ( )2≠n  has been highly attracted by mathematicians for about three and 

half centuries due to Fermat’s claim that there is no integral triple  satisfying 

the equation (A). The proof of the general case is extremely difficult. However, when 

),,( zyx
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2=n , (which is a prime) the equation has solutions and some solutions were known 

possibly even before  These solutions are called primitive Pythagorean triples 

and the corresponding form of equation (A) is called Pythagoras equation. It is well 

known that all primitive Pythagorean triples can be generated (Bolker & Benjamin,  

1969) by the generators 

..582 CB

,2,, 2222 abxbaybaz =−=+= with integral  of opposite parity (even 

or odd) satisfying . 

ba,

0>> ba
Fermat used these primitive Pythagorean triples to prove his conjecture 

for . Fermat’s conjecture has been proved and the equation (A) has no non-trivial 

integral solutions (For a proof see Ribenboin, 1979 p 37-38).  Therefore we believe 

that a closer look at primitive Pythagorean triples needed than ever before, along a new 

direction in order to understand the major difficulty in giving a simple proof for 

Fermat’s last theorem. With this in mind , we have examined the whole set of primitive 

Pythagorean triples  satisfying 

4=n

),,( zyx zyx <<<0  and we have found that odd 

pair of   or  satisfies  or where  and 

 and  

),( xz ),( yz 122 −=− βxz 2122 lxz −=− β 1>l

1),2( =l
2

xz +
 is a perfect square, which are proved in § 2. The Relation of 

 and )( xz − )( yz −  to the mean value theorem is also discussed in this section. It is 

well known that if we assume that (A) has a non-zero solution , one of ),,( zyx zyx ,,   

is divisible by n. Then if we assume that y is divisible by , it can be proved that 

 where 

n
nnnxz αβ 1−=− ( ) ( ) 1,,1, == αnxz , and 1≥α . 

Then the quantity  is related to the mean value theorem by nn xz −

( ) 1−−=− nnn xznxz ξ , 

and in the case of Pythagorean triples,  

( ) ⎟
⎠
⎞

⎜
⎝
⎛ +

−=−
2

222 xzxzxz  and 
2

xz +
=ξ  is an integer , and it will be shown in §.2 

that ξ  is a perfect square. We have examined  when  

numerically in a sufficiently large set of integers for fixed 

33 xz − 3133 αβ−=− xz

α  and  ξ  turned out to be 
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irrational, and our conjecture related to  is discussed in §.2 in detail. §.3 is 

devoted to a brief discussion focusing on Fermat’s last theorem. 

nn xz −

 

§2.   A  New look at Primitive Pythagorean triples 

 

Primitive Pythagorean triples  are the positive integral solutions of 

Pythagoras’ equation 

),,( zyx

            ,    where 222 xyz += ( ) 1,, =zyx                                                                (1) 

If y  and x  are odd  is divisible by 2 but not by , and therefore  is never 

even. Since one of 

22 xy + 22 z

zyx ,,  is even, it follows that x  or y  is even. In the following we 

consider the case y  is even.  

First, we shall show that  or  where 122 −=− βxz 2122 αβ−=− xz α  is a factor of  

and 

y

1),2( =α . It follows from (1) that ( )( )xzxzy +−=2  and ,z x  are odd,  

is even. 

)( xz −

If . then txz 2)( =−

          ( ) ( ) 2112222 222 yxxxxz ttt =+=−+=− −+                                    ..        (2)  

where . 1≥t

From ,                    is odd (as x  is odd)                                                 .         (3) 12 −+ tx

it follows that                12 −= βt  for  +∈ Zβ

     

If ( ) 12,for,2 12 =∈=− +− qqqxz Zβ ,   we get  

                                                                           .         (4) ]2[2 22222 qxqxz −+=− ββ

If , then ( ) 1, ≠qx ( ) 1, ≠qz and it follows that ( ) 1, ≠xz . Hence ( ) 1, =qx .  

Then q and  should be perfect squares. Let    qx 222 −+ β 2α=q

Then           ( ) 12,andfor2 212 =∈=− +− αααβ Zxz                             .          (5) 
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Now            
( )

2
22 21222 xzxz +
⋅=− − αβ                                                     …        (6) 

i.e. 
2

.2 xzy +
= αβ  and hence α is a factor of y. 

And since  is a perfect square 21222 αβ−⋅ ( )
2

xz +
 also should be a perfect square. 

For example, 

       23222 3
2

,2,51213 =
+

=−+=
xzxz  

   22222 8
2

,72,15112113 =
+

×=−+=
xzxz   

 

§ 3.    Relation between Primitive Pythagorean Triples and the Mean Value 

Theorem 

 

 

The mean value theorem related to our discussion can be written as 

                       
( ) ( ) ( )ξf

xz
xfzf ′=

−
−

                                                                .           (7) 

where  is a differentiable function of real variable , ( )zf z x  is a constant and 

zx << ξ . 

If   and ( ) 2zzf = x  is a positive integer, (7) takes the form 

                       ξ2
22

=
−
−

xz
xz

                                                                       .                (8) 

And this is true for all  with z ξ  satisfying zx << ξ . 

Therefore if  is a positive integer, z

                                    
( ) ( ) ( )

( )( )hxxz

xzxxzxzxz

θ

ξ

+−=

⎟
⎠
⎞

⎜
⎝
⎛ −+−=−=−

2
2
12222
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with xzhand −==
2
1θ , this is well known as one form of the mean value 

theorem relevant to our discussion . 

All primitive Pythagorean triples with y even satisfies ),,( zyx

 

                   ( )( )hxxzxzy θ+−=−= 2222                                                            (9) 

where xzhand −==
2
1θ . 

 

CONJECTURE 

If   and ( ) nzzf = x  is a positive integer, relation to mean value theorem is 

given by 

                    ( ) 1−−=− nnn xznxz ξ                                                                           (10) 

where zx << ξ ,as in the case of primitive Pythagorean triples. Now if we assume 

that (A) is true for some odd prime , then it is well known that [A] has a solution of 

that 

n

xyz  is divisible by .  In a numerical calculation of ξ for n 3=n ,  ξ  turned out to 

be  irrational. We, motivated by the above, conjecture that ξ in (10) is irrational for any 

odd prime n . We have already proved this result in the case of 3=n  rigorously and it 

will be published elsewhere.  

 

DISCUSSION  

It is highly expected that a simple proof of Fermat’s last theorem is plausible. All 

the solutions of the equation  
nnn xyz += , ( ) 1, =yx  

for any odd prime , satisfying the additional condition that n 12 +n  is a prime, are 

such that zxy  is divisible by . Simple proofs however are not available even in the 

case of .  

n

3=n
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